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Introduction

The purpose of this thesis is to present in
logical order the more important methods of obtaining
agymptotes. In several cases where two Oor more diff-
erent methods for obtaining the same type of asymptotes
were found the simpler method is given first and Ghen
ihe more difficult method. Mopst of the simpler me thods
are based on Analytic Geometry, while the more difificult
are based on the Calculus.

The first difficultylencauntered was that of
definition, It seemed that nearly every mathematician
ga¥é a different definition and based his discussion on
it, The author has tried to base his discussion on two
definitions which were thought to be the best.

A brief history is given to show, in a way, the
importance of asymptotes and to give the names of the
mathematicians who have done the larger amount of work
in thig field,  This subjéct has interested mathematic-
jans for many years, and is still receiving a great
deal of attention.

Examples are given for all the me chods discussed,
alse figures for most df the examples. The figures have
heen plabed together at the end of the thesis., It was

thought that this arrangement would give a much neater
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appearance to the thesis,‘and, 23 the figuresg are
numbered, nothing would be lost,.

Any discussion on asymptotie, lines as used in
Projective Geometry has been omitted as it meeuires o
knowledge of advanced mathematics which the author does
not possess.

"Differential Calculus" by Joseph Edwards and
nourve Tracing" by Percival Frost proved to be the most
helpful references. Acknowledgment is also due Prof, E,
B, @oliyer of the Horbt Hays Kansaé State College for the
many helpful suggestions he has given in the preparation

g this thesig,



I, Definitions.

The word "asymptote! is derived from three Greek
words, & , mot; ¢ v, together; mim T, fall; and it
meana ! et falling togethex! or "ooinciding“.(i> The
Greek defirnition for asymptote comes from the meaning
of the word and is: "Some lines exist which mgﬂroéch

! . . : in)
indefinitely and yet remain not together Ialllng".( /

~

There are many modern definitions and the follow-

(@)

ing are a few of the more widely used.
nA line which approaches continually nearer o
o given curve but does not meet it within a Finite dis=
tanee ot tﬁe ori@in".(iii)
"A tangent to aleurwevat a point infinitely
distant from the origin".(iv)
nA line which the curve approaches as one of the
variables approaches infinity 1is called an asymptote to

(v)

thie eurviel.
"An asymptote of a curve is a line towards which
the curve finally approaches as it recedes from| the

origin to an infinite distance and from which the distance

i Mceifiert, PL. & Solid Ana, Geom,, p.1l71; Davies &
Peck, Dict. of Math., p.52; Candy, Pl & Solid Alnad
Geomi s P62 '

(#i) ""meey. Britt., vol.2, DiD9%4,

{11d) ib%%;, p.524; Gale & Watkeys, Elementary Functions,

(iv) Ency. Britx., vol.2, p.594; Frost, Curve Tracing,

p.5; Love, Ana. Geom,, p.200.

(v) Mason & Hazard, Ana., Geom., p.50; Woods & Bailey,

A Course in Math., Die 128 e




of the points on the curve becomes less than any assign-
able quantity“.(i)

WIf 5 straight line cut a curve in two points at
an infinite distance from the origin and yet is not it-
gel® wholly at infinity, it'is ealled an asymptote to
the curve“.(ii)

"An asymptote to a plane curve is a straight
line, lying partly within the finite region, which is the
limiting position of a tangent to the curve as the point
of tangency recedes indefinitely along an infinite bramch
ofi Ghe curve".(iii)

These definitions can be divided into two groups.
The first group includes thecdefinitionsiwhich state that
an asymptote is a tangent to a curve at intinitys  The
second group includes those which define an asymptote as
a line which the curve appraaches but does not meet with-
in a finite distance of the origin. It ig very easy to
see that the difference between the tw? groups is princ-
ipally in the region in which they are defined. The
first group being defined in the infinite region and the

second group in the finite region. Many authors give two

Ti) Zdwards, Diif. Calculus, P.l193; Frost, Curve lrac-
ing, p.%.
Eii) Rdwards, Diff. Calculus, p.182.
i1 )¢ Abidl D195, Harding & Mullins, Ana. Geom,, 1058615

Love, Ana. Geom., p.200; Carmichael & Weaver,
The Calculus, p.23l; Nichols, Ana, Geom., 100 2LErE
Candy, Pl. & B3o0lid Ana, Geom,, 0. L6 neray,
Infin., Caleculus, p.286; Granville, Diff. & b,
@alcmilus D249,
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definitions, one from each group, showing that this diff-
erence is of small importance and that either one is
equally acceptable, Most of the proofs which are to
follow are based on the last definition given on the Pre-=
ceeding>page g0 it is the one which will be used in most
of this discussion.

Il. Brief Hisbony,

The Greek term>for asymptotes occurs first i olaie
writings of Apollonius (approximately 250200 B. C.)Ei)
He was educatéd in Alexandria under the successors o b
Buclid and became known as Whe Great Geometer'. MHe
wrote several books among which was one on asymptotes,
axes, and diameters.

Menaechmus (2nd or 3rd century B. C.)(ii) might
have determined the asymptotes of hyperbolas but as the
original copies of his writings were lodt there is no
definite proof of this.

SN
il at L
\ : gave a definition

Geminus (1lst century B. C.)
for asymptotes and discussed the asymptotes of the
hyperbola and conchoid.

The next known writer on the subject was Fran-

ciscus Maurolycus (1493-1575)(1v) of Messina, known as

(4 edjori, Hist., of Math,, D400 smith, Histy 'of NMath,
special Topics of Elem, Math,, p.218.

(ii) Allman, Greek Geom., From Thales to Zuclid, p.159.

(iii) Enecy. Brit., wol. 2, p.394.

(ivy) Cajori, Hist. of Math., p.142.



the greatest geometer of his time. He discussed asymp-
totes more fully than Apollonius and applied them to
various astronomical and physical problems.

Tohn Wallis (1616-1703)81) Suowed that the space
between a curve and its asymptote was infinite.

wul de Gua

Q.

IS

Amorg tlie earlier writers, Jean P
(1713-1785)(11) did the mostbwork on asyuptotes. He
showed how to find asymptotes, tangents, and vérious
singular points of eurves of all degrees and proved,
perspective, that several of these points can be at in-
finity.

Some of the men of more modern times who have
worked on asymptotes are; David Hilbert of Gottingen,
Maxine Bocher of Hawrvamnd, Max llason of the University
of Wisconsin, Mauro Picone of Turin, R. M, E. Miges of
Stratsbury, H. Weyl of Gottingen, George D; Biicldiofit o
Harvard.(iii) The wrilter was unable to determine the
exact contribution of each of these mathematiclans bﬁt
they are known for the excellence of their work,

iII. Comparison of Asymptotes and Other Curves

Which Resemble Them,

It is readily seen from the definitions of

i) oajerd, Hist. of Math,, p.185,
di) ihidsupelld,
Jah) mpid.ip.29l,




asymptoteé that they belong to the class of curves
which include tangents, envelopes, evolutes, and invo-
lutes. These lines or curves all help to deterinine
the original curve and might well be called "auxillary
lines" .

The tangent line is generally defined(i) as
the limiting position of the secant as the points of
intersection of the secant with the curve approach
coincidence, the pbint of colincidenece being called the
point of tangency. From some of the definitions of
asymptotes we see at once Blaet tliey are a’SpeCi&l Ly pe
of tangents, the point of tangency beilno at lnEinity,
In some special cases, however, the asyumptotes are
curvilinear so the comparison is not strictly true
unless we can consider tangents as being curved also.

An envelope is defined(ii) 28 the curve or
group of curves which are tangent to a family of curves,
An envelope could never be an asymptote too but if it
were possible for one member of the family off lcurvies Lo
have an asymptote this asymptote would closely approach
the envelope at that point,

Evolutes and involutes are less closely related

to asymptotes than any of the curves mentioned above.

(i) ZEdwards, Diff. Calculus, p.9; New Inter. Bney.,
malll 19, po2l.
(ii) Granville, Diff. & Int. Calculus, pil20s,




An evolute is the locus of the centers o curvarure of
a given curve and considering the evoluite as the origin-
al curve the curve of which it is the evolute is called
e involute.(i) Only 1m flhe ease of @ sfraisht line
would the evolute or involute pass to infinity and in
that case there would be no asymptote.
IV, Kinds of Asymptotes.

vThere are three main kinds of asymptotes, two
of whieh are closely related, The three kinds in order
eff ‘theln iMportance are;

1

A, BReectilinear. This iincludes all asymptotes
whaieh sre straight lines and is the most common- kind,
Bl 1 2e- 5 to 7 are good examples of reetilinear asymp-
totes.

B Burvilimesx: !If thcre be two curves which
continually approach each other so that for a common
abaedissa the Nimit of the difference of the ordinaﬁes
is zero. or for a commem ordimate the limit off the
difference of the abscissa is zero, when that common
abscissa or common ordinmate 1s infinite, these curves

are said to be asympltotic to each other".(ll) Ay cUBVie

(i)"Edwaréﬁ,Diff. Gelicinis . 268 G anvi L Iel e
GmG =lculus, p.l82; New Inter. Hncy,, viol i,
T AL

(ii) EBdwards, Diff, Calculus, pl195;: Davies & Peck,
Diet. of Math., p.b3; Frost, Curve Tracing, nae".



therefore, of the general form

= wf o omxYl L PR 4 D A EX L
may have curvilinear asymptotes. TFor example, the
curye
2

Y A P i Bt sy En

lias the curvilinear asymptote

o= AX“-# BX £
for the difference of their ordinates for any common
abscissa is P L+ EX'z, a quantity whose limit &3
zero when X is infinite.

G Circular.(i) It sometimes happens that a
gpiral, drawn on polar coordinates, approaches a circle
5s thie yallue of @ g inerecased dndefinitely, @ That is,
thie waliic of ¥ approaeches some walue, such as a, which
i Wiee madims ofi ehe cirelle S The eircle/ig, therefiore;
the asymptote of the spiral and is called a circular
asymptote, See figu?e 10

V. The Curves Which Have Asymptotes.

It follows from the definitions of asymptotes
that the following conditiens are necessary and suffic-
ient before a curve may have an asymptote., The two

conditiond are: Ly

[i] Davies & Peck, Dict. of Math., p.54; Edwards, Diff,
galeulus, p.205; Murray, Inf, Calculus, p.293.

(ii) Harding & Mullins, Ana, Geom, | p.195: Niieran Tnd.
@-ileuilns, P.286,



A, The curve must have an infinite branch,

B.  The tongent to fthe curve at infinity, infin-
ity is thought of as a region in this thesis, must pass
within a finite distance of the origin ( have a finite
intercept on at least one of the coordinate axes).

The ways in which a curve may pass off to in-
finity are:(i)

& X may be infinite, while Y is finite or
ZETO.

DN méy be infinite, while X is finite or
ZETO.

Both X and Y may be infinite, dividing into
three cases.

e. X and Y may be of the same order of magni-
tude, or XuYi finite.

d | % mayibe larse compared with ¥, or ¥:X
vanish when X and Y are increased indefinitely.

e, Y may be large compared with X, or e
vanish when X and Y are increased indefinitely,

Classes a and b include the cases in which the
curve has asymptotes parallel to eneiox both of the
coordinate axes.

Class ¢ includes the curves which have rectilinear

(1) Proet, Gurve Traecimg, p.79,

Ao




asymptotes which are inclined at finite angles to the
axes, and as special cases, parabolic asymptotes,
0lasses d and e include curves which have
curvilinear asymptotes,
.If an eguation in two variables be of odd de-

gree it is proved in Theory of Equations that it must

have at least one real root. Therefore any curve of

odd degree, greater than the first degree, will have
at least one real asymptote and will extend to infinity.

No curve of odd degree can, therefore be closed nor

can it have an even number of asymgtotes,ii) Also a
curve of even degree can not have an odd number ofl
asymptotes.

Among the conics { curves which may be consider-
ed as plane secbions of a cone) the hyperbola is the

only one which has real asymptotes. The parabola is the

(S

only other conic with an infinite branch and the tangen
to it at infinity does not pass within a finite distance
off the origin.
AVI. The Asymptotes of Hyperbolas.

The asymptotes of the hyperbola are the easiest
to determine and are usually the only asymptotes dis-

cussed in elementary textbooks. They were the fiws it 6o

be determined by the Greeks and it was not tdll recent

(4] Edwdrds, Diff. Calculus, p.184,




years that general methods for determining asymptotes
were worked out.
Taking the standard form of Thc equation of

the hyperbola

=1
W 0
|
Sl
0 20
1l
'.J

and solving for Y we have

< i) )
=3 i A

Dividing both sides of the equation by X

=%

2l [

& |

(0N

If X is now increase indefinitely the right hand

member becomes 4 B . ‘fence as the distamce from the

origin increases the hyperbola approaches more and

more closely, without ever reaching them; the lines

or Y =t ﬁK

=l

Y
T = u

These lines are, thereiore, the asymptotes of
the hyperbola.(i) This metﬂod s bosed on the third
of the modern definitions given in seetion (I,

The equations of the asymptotes of a hyperbola
can also be found by considering the limiting form of
the equation of the tangent as the point of tangency

moves off to an infinite distance from the origin,

] ”ﬁbVe;“Ana.‘Geom., 0.200; Woods & Bailey, A Course
i Mabiad 089,
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7 il
The equation of the tangent of the hyperbola
2 2
245 Dl i
I&--g&—-l (1)
at the meint (X' ,Y') is
el ag o
= o L)

Since the point (X',Y') is on the hyperbola we have

Y' :r% VX|2 Al AZ

—
1
~ -

¢

substisuting this value of ¥! in (2 and dividing by
X' we have

X B A il \
Kzim l—"i12=3"€1 (4)

I8 e point of contact (X'.Y') now moves off to an
infing te distance fram the brigin so that X' becomes
ififinite, the limiting position of the line (4) is
given by the equation

PeEs : e Vo )
E-Ee . e g

. whieh is, therefore, the equation of the asjmptotes.‘l)
This method is based on the second and sixth of the
modern definitions given in section!T,

There are many more me thodst11) for determining

i) Candy, Pl. & Solid Ana. Geom,, D.162-3,

Lt Bewvnetf, PL, And, Geom,, p.137; Harding & Mullins,
Ape (Geom.), D.1985: Carmichacl & Weaveyr, The
@alculus, p.233,; Siceloff-Wentworth-Smith, Ana.
Geom. s o Ll7
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the asymptotes of hyperbolas, some of whieclh are more
- difficult than the two given above,
The equation of the asymptotes ofi the hyperbola

may be written

._X.._.::f-:-— X-l-Y— (5)
0 T B (%)

2
(@)
(o}
e
©
-
=
ct
=
)
(@)

Multiplying these two equations togetner we

degenerate equation(l)

)
X Mo .
A‘?‘ e 0 (6)

which represents the pair of asymptoteg.@ll)
We immediately see that equation (6] differs
from the equation of the hyperbola orly in the constant

]

term, Since we took the standard form of the equation

(0}

of the hyperbola we Mmay say that the equation orf bh
asymptotes of a hyperbola differs from the equation
of the hyperbola in the constant term only.

Trom the fact that the slopes of the asymptotes

a
are & % we derive the following result which gives a
&

i

convenient method for drawing the asymptotes of any
- G L e
hyperbola whosc axes are albvrEiels

The asymptotes of a hyperbola are the diagonal

TiJ Siceloff-Wentworth-Smith, Ana. Geom., D.od
(ii) 'Candy, P1. & Solid Ana. Geom,, P L6% Tove,

Ana. Geom., D.=201, :
{iii) Love, Ana. Geom., p.121; Smith & Gale, New Ana.

it
o

Geom. ; D.LTE; Siceloff-Wentworth-Smith, Ana.
@eom, ; .1l

¢
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lines of the rectangle Whose'center isg the center of
the curve and whose sides are parallel and equal to
the axes of the curve, 3ee figure 1.
If the axes of the hyperbola are equal (i 2.
A = B) the equation of the asymptotes would be
¥ o h
and the asymptotes would be perpendicular to each
(i)
other, In this case the hyperbola is called an
equilateral or rectangular hyperbola.

A special case of equilateral hyperbolas(ii)
are those whose axes have been rotated so that their
general equation 1is

Xy = K
The coordinate axes are the asymptotes of this type of
hyperbolas., This can be proved by solving the equation
for X or Y and increasing the other variable indefinite-
1y o din each case the hyperbola will approach an axis
as a limit.

Example., Determine the asymptotes ol thiel curve
e S
Dividing the eguation by 16 to put it in Gthe standard

form we have

(I) Woods & Bailey, A Course in Math., D.00; omith %
Gale, New Ana. Geom., p.l73,

(ii) ZLove, Ana, Geom,, 0,206,
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= =
Hie mix ==

The axes of the hyperbola are, therefore, equal to 4
and 2. Drawing the rectangle and then the asymptotes
from these values we obtain the hyperbola and its asy-
mptotes as shown in figure 2.

Substituting the values of A and B in the equa-

tion of the asymptotes we have

X
Ly A
g £35S

which is the equation of the asymptotes of figure 2,

We shall now consider methods for determining
asymptotes of curves of any degree. The methods for
obtaining the asymptotes of hyperbolas are applicable
only when working with hyperbolas., The methods given
below will also apply to hyperbolas,

VI, Method of Limiting Intercepts.(i)

The equation of the tangent to a curve at the

moint (&' 1) iis
¥ oyt (2 e xr)

First placing Y =0 and solving foriX, and

(i) Carmichael & Weaver, The Calculus, p.231; Townsend
& Goodenough, Zssentials of Calculus, p.l1l45;
Davies & Peek, Diet. Of Math,, p.52; Murray, Inf,
Calculus, p.291; Granville, Diff. & Int. Calculus,
D249,
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then placing X = 0 and solving for ¥, and denoting the
intercepts by Xj and Yj respectively, we obtain the
equations

. ' s ay?
=% -y %?é' gl ¥ =0 oo

' 3ince the asymptote must pass within a finite
distance of the origin one or both of these intercepts
must have finite values as limits when the point of
contact (X',Y') moves off to an infinite distance from
the origin. If both limits are Bindtely that dig, o F

limit(X;) = A and limit(¥;) =3B

then the equation of the asymptote is found by substi-
tuting the limiting values A and B in the equation

which is the intercept form of the equation of a
sEraiighic: Line,
If only one of these limits ez®ist but
1imit(4E)) = u
then we have one intercept and the slope given so that
the equation of the asymptote is

¥ WET.B or g1

In the case of curves of high degxree this

method is frequently too complicated to be very useful,




1L

The method most cbmmonly used is given in the next
section,
VIII. The Substitution Method,(1)
Given the equation of the curve as
M) — 0 (a)
where F(X,Y) is a polynomial of the nth degree in X
amds Vi
Every tangent can be represented by the
equation
Y = MX + B (b)
except those tangents which are parallel to the X
axis., Substituting the value of Y given in eguation
(b) for Y in equation (a) we haﬁe
F(X,MX+ B) =0 (e)
Now the tangent is the limiting position of
the secant as the two points of intersection of the
secant with the curve approach coincidence. Hence
for the tangent Y = MX + B to be asymptotic to the
curve F(X,Y) = 0 equation (c) must have two infinite
roots, i.e., two points of intersection of the tangent

with the curve must be at an infinite distance from

{i) Iove, Ana. Geom., p.204; Carmichael & Weaver, The
Calculus, p.233; Townsend & Goodenough, Essentials
ot 0= lleulvus, p.l4%: Gohen, Difi. & Int, Calculus,
paBoil . Candy, Pl. & Solid Ana, Geom,, D.162;
Murr=y, Inf. Calewlus, p.290; Griffin, Uath,
Analysis, Higher Course, p.387; Granyd lie D1 El - &
Tnt, Galeulus, pP.292.
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the origin. In Algebra it is proved that the condi-

tion for this is that the coefficients of X" and yo-1

shali e =ero. he proof for this is as follows:(i)
Let the given equation Dbe

E LA A 0T p A, = O (1)
Substituting % for X in equation (1) gives

1,n-1 I
AO(%)D+ AR " 4o tAL_1(F)+AL =0 (2)

Multiplying equation (2) by Z©¥ gives

DA 2 7 gk =0 (3)
TH AL = 0, jone root of equation (1) is zero and hence
the corresponding root of equation (3) is infinite
it

(since X = 7),

Therefore, if the coefficient of the highest
power of X in F(X) is equal to zero ome root of F(X) is
infinite.rtlf the coefficients of the two highest powers
of X are equal to zero then two roots of F(X) are
infinite, and so on.

Returning to the general discussion,; on egua-
ting these coefficients to zero we have two equations
for determing the values of M and B, For every pair of
values of M and B satisfying these equations we have, in

the corresponding equation Y = MX + B, an asymptote to

ey, Tni. Callculus, p.286,
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the curve F(E,¥) = 0.

To determine the asymptotes parallel to the
Y-axis we substitute the equation X = C in place of the
equation ¥ = MX + B and proceed in a similiar manner,
equating the coefficients of Y® and Y2-1 to zero.

It may happen that the term containing xi-1 is
missing from equation (¢), or the value of M obtained
by placing the first coefficient equal to zero may
cause the second coefficient to vanish., In this case
the coefficients of X and x7€ are equated to zero
and we then have two eguations for determining the
values of M and 3B.

Bxample, Determine the asymptotes of the curve

XS-P Yb - 3AXY = 0
Substituting MX + B for Y we have

(1 +10)%° + (328 - 3aM)X° + (3uBZ- 24B)X +B° =0
Bquating td zero the coefficients of X:5 and X2 we
have
14w =0 or M= -1

3MPB - 3AM = 0

and substituting the value of M found above

BB e BN = @ or B o= = A

\

- Hence the asymptote is (figure 3)
Y—--X-A or Yo e A=



If we substitute C for X we have
Y2+ ¢® - 3acY = 0
The coefficient of Y:5 can not be made zero and there
is no term containing Y< so there is no asymptote
parallel to the Y-aXis.

Another substitution method(i) which is more
difficult to prove but which is more easily applied in
most cases is as follows:

Let the equation of any curve of the nth degree
be arranged in homogeneous séts of terms and expressed
as

ap (5 Lqn-lp D) oxne2e ()t =0 ()
To find where this curve is cut by any straight line
whose equation is
Y =MX + B
substitute M + % for % in equation (d) and the resulting
equation is

np (y+ 3B n-1 B n-2y B
B D xR ) xR (M)

',"-co = 0 (e)
Applying Taylor's Theorem to expand each of

these functional terms equation (e) becomes

(i) Bdwards, Diff. Calculus, p.182.
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X8p (M) + xB-1 | BFY(M) +xu-2 g- BEA(mY Ll =0
+ 7 (0 + BF! _, (1) (£)
L,
FE_ ()

This is an equation of the nth degree proving that a
straight line wili, 11 general iinterseet a ecurve of
the nth degree in n points, real or imaginary.

The straight line ¥ = X 4 B is at our choice
and therefore the two constants M and B may be chosen
S0 a8 Bo sabisty any pair of consisbent equations. | If
we choose M and B so that

E (M) = 0 (g)
BEL(M) W (M) o (h)

the two highest powers of X disappear from equation
(£) and that equation will have two infinite roots.

If Ml, MB’
of M deduced from equation (g) the corresponding val-

M&' M4, & 510 Mn are the n values

ues of B will, in general, be given by the equations

Fp-1(11)
el e o e
1 F;l(Ml)
()
F M- )
B o ——Elli—l—- and so on,

- -
Fn( I, )




21

and the n straight lines

=
Y JlX +—Bl

= MBX + B,

o

are the asymptotes of the curve,

Stated briefly this method, when applied to a
problem, ig: In the highest degree terms put X = 1
and ¥ = M (this forms Fn(M)) and equate to zero,

Hence find M, Form Fn_l(M) in a similiar manner from
the terms of the n-1 degree and differentiate Fn(M),
Then the several values of B are found by substituting
the values of M in the eguation

7 ()

F! (10)

The corresponding values of M and B are then substituted
in the equation
Y =MX+ B
which gives the equations of the asymptotes,
Example, Determine the asymptotes ot the
curve

Y3 XPY 427" 44Y +X =0
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and the n straight lines

=
i JlX +‘Bl

Y = M2X By

M= I\f[nX oF Bn

are the asymptotes of the curve,
Stated briefly this method, when applied to a
problem, is: In the highest degree terms put X = 1
and ¥ = M (this forms Fn(M)) and equate to zero,
Hence find M, Form Fn_l(M) in a similiar manner from
the terms of the n-1 degree and differentiate Fn(M),
Then the several values of B are found by substituting
the values of M in the equation

)

Fr'l(M)

The corresponding values of U and B are then substituted
in the egquation
Y=MX+ B
which gives the equations of the agymptotes.
Example. Determine the asymptotes oficlae
curve

Y- X2¥ 4277 4 4 +X =0
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F (M) =M"-M =0
n
Therefore M= © Moo=t 1
2
M) = 2
Fn_l(w) i
F (i) = 3U°-1

ol
SM~ =1
When M =(0 B =0
M= B = -1

=
I

-1 B = -1
Therefore the asymptotes are

Y=0 Y=X-1 N 0l A L =,O

IX. Number of Asymptotes to a Curve of the
Nth Degree.(i)

Since the equation F (M) = O is generally of

(

n
the nth degree in M, and the equation BF;}(M)—{—Fn_l(II) =0
is of the first desree in B, there are n values of M
determined from the first equation and n corresponding
values of B determined from the second equation,
Hence it is possible for a curve of the nth degree to
have n asymptotes. Some of these n asywptotes may be
imaginary, i.e. not have a finite interecept on eithexr
of the coordinate axes, and in that case the curve

would not have n real asyuptotes.

(i) Edwards (Disf. Caleulus, p.184,



If the term Y® be missing from the equation
of the curve, the term MM will also be missing from
the equation F (M) = O and there will be an apparent
loss of degree in this eguation. In this case, since
the coefficient of M® is zero, one root of the equation
Fn(M) = 0 ig infinite and therefore the corresponding
asymptote is at right angles to the X-axis, 1i.e.
parallel to the Y-axis. This leads to the special
consideration of the asymptotes which are parallel to
either of the coordinate axes.

X. Asymptotes Parallel to the Coonrdinate

Axesg(i)
Let the equation of the curve be

1L

Bt A x0oly o L Eve g L s o g

S R b fE VX .
If arranged in descending powers of X this 1is

AR+ (ALY + Bl')xn‘l e e e it =0

Now if A, vanish and Y be so chosen that

AlY'# Bl =0

the coefficients of the two highest powers of X in

equation (2) vanish and therefore two of the roots

(i) =awards, Diff. Calculus, p.184; Townsend & Good-
enough, Essentials of Calculus, p.l48; lurray,
Inf, Calculus, p.288; Griffin, Math. Analysis,
D.587: Gramville, Diff. & nkl Cailewiins ¥ po2bl;

0

(2)
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are Infinite, Hence the stréight line AlY—f Bl =00
ig an asymptote of the curve.
If Ag = 0, Aj = 0, B3 =0, and G N be 'S0
chosen that
A

2 .
Sis B e = 0

three roots of equation (2) are infinite and the lines

represented by

2 .

may be asymptotes to the curve, parallel to the X-axis.
Arranging equation (1) in descending powers
oif Weawe ovie

AnYn I (An_lx +‘Bn)Yn_l +' cew — O

As above, if An = 0 them A 106 & B, = 0 is an asymptote.
From the above results we deduce the following
rule for finding the asymptotes parallel to the axes.
Equate to zero the coefficients of tne highest powers
of X and Y.
Example. Determine -the asymptotes of the
curve
e o
Rearranging terms
x2y2- o%x°- ¢*° = 0

Equating the coefficients of X2 (the highest power of
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%) Lo zero
Y.t =0
The asymptotes parallel to the X-axis are, therefore,
N =0 and Vi = =10
Equating the coefficients of Y° to zero
-6 —6
and the asymptotes parallel to the Y-axis are
X=20 and X = =,0
The equation of the curve is of the fourth
degree so we have determined all the possible asymp-
totes,
XI. Curves VWhose Equation I§ of the Horm
Y = F(X). -
In some cases the equation of the curve may
be of the general form Y = F(X) and in this type there
are special methods for determining the asymptotes

which are simpler than the general methods given above,

Bf % - @ i3 = faetor of H(X) in

Noed i el
e e oy )
H(X) pon b mEb L 1B

¢ being real, then the line X ~-~C=0 is an asymptote

(i) Conen, Diff. & Int. Calculus, p.529; Fine, Calculus,
p.b2; Bavies & Peck, Dict., of lath., .05 Biceloifl-
Wentworth-Smith, Ana. Geom,, D.545,



of the curve T — BlX). Tor, as X aopproaches € the

value of Y approaches infinity.

If n - p T1in equation {1) we can reduce

Y = F(X)lto the form

Y =1 =8B F x(x)
where M and B, one or both, may be zero, and K(X)
denotes a proper fraction so that when X approaches
infinity K(X) approaches zero., The curve will ap-
proach the line ¥ = MX + B as the curve passes off
to infinity and the lpne will, therefore, be an asymp-
tote of the curve.

Curves whose equations are of the form
Y2 = F(X) are solved in much the same manner as those
of the form ¥ - F(%).

If F(X) approaches infinity as X approaches
some value, say B, then X = B is an asyumptote of the
curve Y2 _ @) Dhus B = @ s g Esymplote ofi | e
curve Y2 = X + %

. The curve has oblique or horizontal asympcotes
it PUx) can be reduced to the form U° + v where U is
o=l omd of the first degree in X and % approaches
zero when X approaches infinity, the asymptotes being

Y =Uand Y = - U.
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-

For +y :(U‘?' + V)2 =0 + KUz V)% ‘ MJ

=+ ; i
(B +W)% + [

and the fractional term approaches zero when v
approaches zero, therefore, when X approaches Intant oy,
This proof also shows that the equation

v _am 9 Uy oy ¥ ot g veu

has the asymptotes
W= e G and N =G i (O S

Example, Determine the asymptotes of the curve

= F X
= =

We Sce 2t onee that 3 - 10— @ or X = 1S an aisympbote.

The equation may also be written

¥2 = X% 4+ 2 +2 + g

2 A 2
or e = (o 1) +(1+————X_l)
9
Lh0d il and V=1 k=
Hence U an Y
, 2
",z
u o X

and this approaches zero as X approaches infinity so

S



the lines {
= X and W e G
are the asympLobes of Ghe cumvie, | Sece filgure 4,

b Pa e b ol iReaic G ilon's Method.(i)

The values of B given in equation (j), section

W ATILIE
. B ) ; _Fn—l(MB) L e
7 (1) F1 (1)

are exactly the constants required in putting

Fn-l(T)
F

T

ol
into partial fractions.
For, suppose the single factor (- Ml) to

occur in Fn(T). Let

Fn(T) = (T - M)6(7)

Differentiating

and pugtting L = MI

But 1f A 7 be the partial fraction correspond-
gl
ing to the factor (T - 44)

(i) Edwards, Diff. Calculus, p. 186,
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L) e i)
G{1 ) F;l( i )

This gives an easy method of obtaining the

asymptetes, for if

Fn-l(T) = Bl _l- BZ B:é + 000
(

the asymptotes will be

¥ = MX 4 B, W andl S0l o,

Example, Determine the asymptotes of the

curve

(x2 - ¥P)(X +2Y) +5(X° +¥°) +X +Y¥ =0

BTl o 5(1° + 1)
B = (o T hne - 1)
L) 5
o T Z 5
s e e

Hence the asymptotes are

oY + X = - = or 6Y + 53X = - 25
5

Y -X=1%3 or e - 8X.= 9

Y +£=5



XIII., Particular Cases of the General
Theorem.(i)
We shall now return to a closer consideration
of the equations
g ) — 0 (g)

nwt ) 1\ —
5nn(M)-+ nn_l(m) 0 (n)

of section VIII.

It is proved in Theory of Equations that if
an equation such as Fn(M) = @ oS o paire off cqual
roots, say M;, then Fﬁ(Ml) — 0

There are three cases which we shall consider,

‘Case 1, Let the roots of F (M) = 0 be My, My,

M, M

.j’ o0 @ 3
not vanish for any of these roots. Also suppose FH(M)

, Supposed oll different so that Fﬁ(M) does

and F (M) to contain a common factor, say M - M,

n-1
then F, ,(M;) = 0 and therefore By = 0. Hence the
corresponding asymptote is Y = MlX and 2t will vass
through the origin.

Case 2. Next, suppose two of the roots of the

i

equation 3 M)= 0 are equal, say M = U, then

.
()= O. nig ense it m ) tai
.Fn(Ml) 0 In this case if rn_l(u) does not contain

M - M, as one of its factors, the value of B determined

{i) Edwards, Diff. Calculus, p.186-7.

i
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From eguationm (W) 1s infinite. The line ¥ — M X £ By
does cut the curve in two points at infinity but it
also makes an infinite intercept on the Y-axis and hence
it lies wholly at an infinite distance from the origin,
It does not, therefore, fulfill the requirements for an
asymptote and will not be considered as Suelr in thisg
digcussion.

@iac 5 0E Fn(m) .. o has a pair of equal roots
each equal to Ml, we have FE(M) = 0 and ir M; is also
a root of F,_;(M) = 0, the value of B can not be deter-
mined from equation (h). We may, however, chose B so
that the coefficient of X0-2 in equation (£) of section
VIII vanishes, that is, so that

2
Fi' (M) + BEE_ (M) + Fpoo(l) =0

i

from which two values of B, real or imaginary, may be

found. Let the roots of this equation be Bl and Bi

We thus obtain the equations of two parallel straight
lines
= MlX By

N gy 1
e — MlX +~Bl
which each cut the curve in three points at infindity.
In this case there is a double point on the curve at

infinity. This double point is determined by a node

i Gt



when B1 #'Bi , a cusp when Bl =.Bi
It is clear that in this case any straight line
paraliliel tp ¥ — MlX will cut the curve in two points at
infinity. 0f 211 this system of parallel straight lines
the two whose equations we just found are the only oneg
which cut the curve in three points at infinity and
therefore the name asymptote is confined to them, The
one equation which includes both lines is obtained at

once by substituting Y - MlX How B in thel equabion to

obtain B and ig

(v _wmm)s L L =
5 Fie(a) + (Y - MX)EL (M) +F ) (M)

Example. Determine the asymptotes of the
curve

=~ sy L 0

x° + 2x°Y + %V
Equating to zero the coefficients of Ve we obtain X = 0
the only asymptote parallel to either axis,
B () = 1 e e
ey ou rl 0 o m =

FH(M) has a pair of equal roots so this problem comes

undexr Case 3.

Fn_l(M) - =1l =M and BU(M) =2 | 2M
Therefore
o=t 1
2 + 2M 2

and the value of Bl and 32 can not be determined.
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F_ (1) =0 Fri(a) - 2 i

Substituting these values in

2
Bpre
= B (1) + BRI (M) ¢ B

_2(M).: 0
we have
2-2(2) LB 0 U
B® -B = 0
Bi= 0
B
Hence the asymptotes are
Y. — - X k0 or ¥ e 0
¥ % Yok
X =0

the first two of which are parallel,
XIV. Obtaining the Asymptotes by Determining
the Form of the Equation at Infinity.(1)
Pr and ¥, will be used to denote rational
algebraic expressions which contain terms of the rth
degree and lower, but contain no terms of higher degree
than r, ”

Suppose the equation of a curve of the ntn

(i) Edwards, Diff. Calcmlus, p. 183,
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degree to be of the form

(At BY PClE . ¥ o =00 (1)

Then any straight line parallel to AX + BY = 0 cuts
the ecurve in one point at infinity. To find the par-
ticular member of this family of parallel straight
lines which cuts the curve in a second point at infin-
ity we shall consider the ultimate linear form to
which the curve approximates as we travel to infinity
in the above direction, thus obtaining the ultimate
direction of the curve and forming the equation of

the tangent at infinity. To do this we make X and Y
of the curve become large in the ratio given by

X:Y — - B:A, that is in a certain direction whose slope

is — %, and we obtain the equation

AX LBY I @ 4 limig il (2)

T=-fL=w Pp-1

If this limit be finite we have arrived at
the equation of a straight line which, at infinity,
represents the limiting form of the curve and which
satisfies the definition of an asymptote,

To obtain the value of the limit it is advan-
tageous to put X = —‘% and Y = % and after simplifi-
eation make T — O

Example, Determine the asymptotés ofil thle iencyie

(it e ) s a)
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X + Y= limit Al A

Il

Substituting X _% and

i 4
Sy i M a)

™t )
Thv A eAT
3t = 0) 2 w2
A :
Therefore X + ¥ = 5 is an asymptote.

Next, suppose the equation of the curve to be

of the form

(AX + BY +C)Fr +F =0 (5)

-1 n-2
Then the line AX + BY + C = O cuts the curve in two
points at infinity for mno terms of the n or n-l degree
remain in the equation determining the polnts of intens
section. Hence, in general, the line

A o BV € =0
is an asymptote. We say in general for if Fn-l be of
the form (AX + BY + C)B_ _, itself containing a factor
(AX + BY +C) there will be, as in Case 3, 'seection XIII,
2 JoRldlse et asymptotes parallel to AX BN @ - 0, cach
cutting the curve in three points at infinity. Tlhe

equation of the curve then beconmes,

(A By e v =0 (4)
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and the equations of the parallel asymptotes are

llml?— e
P

AX FBY 4 € ¢

n-2

where X and ¥ in the limit on the right hand side
become infinite in the ratio X:iY — - BiA,
Or, 1f the egquation of the curve be written

in the form

~

in proceeding to infirnity in the direction
AX + BY = 0 we have

(AX +IBY)E + (ax + my)iiomit in_z 4o limit £

6]

i

n-2 Pp-2
and the limits are to be obtained by putting
. % and Y = % and then diminishing T indef-
initely, We thus obtain a pair of parallel asyup-
totes

AX + BY = D

AKX HBYI= 5

where D and B are the roots of the equation

2 1 amsil s
R” + R W By

Pp-o Pn-2

limit
i o

Other particular forms which the equations

of curves may assume can be treated similiarly.,

(s i) o $(axemm 0 £e =0 (5)
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Example. Determine the asymptotes of the
curve

; o)
(@ = 5y L) (% & Y- 3% 4o - 9 =0

2X-3Y+1:fvllMltX-2Y+_§

oy
& 2
and putting in X = T and Y = T
limit 24 4 o
X -2y il = T =0 T T
o &) 2
ol
iyt ,
el g e e 2 HR
) 5 = e D

Therefore the asymptotes, which are parallel lines,
are
- N = ]
oM = BV =1 1S
XV, When the Equation of the Curve Has
Linear Factors.(i)
If in the equations of the general form
Fn'+'Fn—2 =0 (L)

i breaks up into n linear factors so as to represent
4

n straight lines, no two of which are parallel, these

straight lines, whose equation will be

= ) (2)

(i) =mawards, Diff. Calculus, D.190; Erost, Curwe
Tracing, P.100.



will be the asymptotes of the curve whose eguation is
of the form giwen in cquation (1), Bor, as the curve
approaches any of the n stralght lines giyen in eque-
tion (2) the terms containing the two highest powers
Wil vanish and there wilil be two Interseetions of the
line with the curve at infinity.
Example, Determine the asymptotes of the
curve
Ve L onle LB = ey

We see at once that the lines

Y= 0

Yo 22X — 0
are asymptotes. The other asymptotes are parallel

tol M= % — @ and by seetion XTIV they dre

Substituting X = -+ and Y= -1
3c
ahen
s 1 o 2 = g
men
T T

The parallel asymptotes are
Y-X=¢C

Yea = 3ee figure O,

(&}

If the eguationl ofi the cunye 1s arranged in

(1)

homogeneous sets of terms such as

(i) Edwards, Diff. Calculus, p.191; Frost Curve
Mracing, BelLls



Uooblls o bl ol =0 (

W™
=

and it be found thﬁt there are no terms of the n-1
degree and that Un contains no repeated factors, then
the n straight lines given by equation

Un“:-O (

>

are the asymptotes of the curve whose equation is
of the general form given in equation (3). | These
lines will all pass through the origin for there
will be no conagtant term in equation (4).
Example. Determine the asymptotes offt the

(SIS

(¥ - X)%(T +X) (¥ +2x) = 16a°
This equation is of the general form given in equa-
tion (3) so the asymptotes arelgiven by the equation

(Y - X)2(Y + X)(Y +2%) =0

and they are

Y =X
Y= - X
Y = - 2X See figure 6,

Wiiile it ig true thot inm this pmoblem -
contains a repeated faetor (¥ - X) it/ does not
lead to parallel asymptotes as would be expected.
Thig is due to the fact that there are no terms
containihg the variables of any power lower than

the fourth which is also the highest power. e




curve approaches this asymptote (Y = X) from both
gides at each end so it really takes the place of
two asymptotes.

XVl Interscctions of a Curve With

Its Asymptoteso(i)

If a curve of the nth degree has n asymptotes,
no two of which are parallel, we have seen (in sectioh
¥XV) that the eguations of the asymptotes and of the
curve may be written

= 0

n (L)
Fn+ Fn-z =0
The n asymptotes therefore intersect the curve again
at points lying on the curve
Fn-z = 0 (2)

Bach asymptote cuts its curve in two poirts ot dnde
ipity and also dum = 2 other points given by equation
(2). These n(n - 2) points of intersectién will
always lie on a certaln curve of the ni- 2 degreel,
For example: v

The asymptotes of a cubic will Cut tliel curye
again in three points lying in a straight l;ne.

The asymptotes of a quartic will cut the curve

again in eight points lying on a conic., (Important

facts in the theory of cubics and quartics)

(i) Edwakds,’ D Calentus, 5. T - Frost, Curve
Tracimez Dollo



And so om for curves of higher degree,
XTn. - RPesition of the Asympbobte With Respect
Lo (the Curve.

Suppose the Straight line AX + BY + € = 0
o be an asymptiote of & curve and that there is no
ebiler asymupitobe ©f Ghe curve paralilclito this, The
eqiiizibilon of the eurvic will be of Glie Form

(Ax 5y £CJF & 8 =0
{

and the perpendicular from any point (e, i) of e

a5

curve on this asymptote is

P - Fn-2
TIA~ TR a0

When X and Y become very large in the ratio X:¥Y = -B:iA
this may be written

Lk Y
P = 3f(5)

where k is a constant., P therefore changes signs the
same as X and in general the curwe at opposite extrem-
ities of the asymptote lies on opposite sides of 1t.

Tt A BW s o) Roleblow o tlic | termsionliichic
nighest degree in F . the equation of the curve may
be written

(AX +BY + C)F .0

n-1 +_ﬁn-5
and the perpendicular on the asymptote is

(i) HEdwards, Diff. Calculus, p.194; Trost, Curve
Tracing, p.80.

LG LTI o (D



L. AN BY £ 0 1 Fn._3

| a2 + B2 i} e

and when X and Y are increased indefinitely in the

ratio X:¥ = - B:A this may be written

P = —51(3)

and this does not change signs with X so in this
case Gthe curve lies onbthe same side of the asymptote
at opposite extremities of it.

if thle cguabion of the cuwrve i3 of Lhe form

(Ax =y LojE. o HE, o — 0

(the same as equation (4), section XIV) the expression
for the length of the perpendicular is i Ghe lami
of the form f(%), Generally this will noc vanish as
the curve has parallel asymptotes and will as a rulie
lie between them,

When the equation pf the eurve 1s of the form

(AX + BY + )“nn o 8y 5 =0

the length of the perpendicular is

g
Y
|_l

=31

Nn=9

A% + B= ‘n-2

el
2

and when X and Y become very large in the ratio
¥:Y = = BiA this may be written

-

:><«|m



X can not change signs or the perpendicular will
become imaginary at one extremity of the asymptote.
The line is, therefore, asymptotic at only one extrem-
ity and the ecurve approaches it from both sides there,
When the equation of the curve is of the same
general form as those discussed in section XI the
position of the curve with respect to the asymptote is
readily found. It 13 gometimes easier to determine
the position of the curve with respect to the asymptote
if the eguabion off the curve is chanced to whis form,
To chamge the general equation(i)

1 u

rd ™ = 1.""2-»1
Fhun ) o w )k cE (D) g =0 (1)

1=

o the form

L AT Rt (2)

(¢}
X
gubstitute the value of ¥ given in eguation (2) in
equation (1). 'Since the result must be an Jdlenitd byl
the coefficients of each power of X will be egual to
zero. This will give enough equations to determine
A, B ©0 D ete.

The result of the above substitution (after

expansion) is

?fj Rdwards, Diff. Calculus, p. 128.




Bl (W) + X0 =) foxhg lemn(a) L = 0
+F,_1(4) +Eomrr(a)
+BF5_1(A)
i2 )

which gives the eguations

Fn(A) =0 BEt(L) 7 ola) —0

)
- / Bt 0 eink] [} ) ) i
fm 4y ok (o) pBm (4) + B (A) = O

1
n n
from which the constants A, B, €, etc., can be deter-iu
mined?

Ac In secbionl Xl 1flithe cquation of the curve
is

D
VA B E e e
t z

C
the equation of the asymptote will be
¥ = AX B
T.ew 1 be the ordinmate of the cyrve and ¥Y'! be

the ordinate of the asymptote; then

and as X becomes very large the sign of C governs the
gign of the right side.
LR %@ md Y are positivie) didel in tlhe micsh

quadrant, ¥ - Y' will have, in the 1ims &, Ghiel same




sign as €. When € is sesitive ¥ - Y' will be posi-
tive and the curve willd approach the asymptote from
sbhowe, Simieliiaming i f © dsimegative W - X' willbe
negative and the curve will approach the asymptote
from below, In the same manner the position of the
curve with respect to the asymptotesccanibeideter-
mined in the other quadrants.

Example., Determine the asymptotes and the
position of the curve with respect to them of the
curve

e x)x - el ) s ox 0
The coefficients of Ve s W - & Lherefore X B ig
an asymptote
‘ The equation of the curve may also be written
as

(e 2)" - oy . X)% Lo =0

and in the direction Y = X at infinity this ultimate-
ly becomes (equation 5, section XIV)

(Y - X)2 _sly —X) 2 =0
and therefore

Yo Xi= and Vi = =2
are asymptotes of the curve.

Substituting A + % g @ oan the

equation of the curve we have
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3 2 o B B S
(A + 7 +...)%K - 3(X + 4 = +._..)(A +2 £ )F2X =0

Ba: A o) porn 2(a7 Bl 0
Bguabing coefficients to zZero

L i 0 s W= o o

eAE _EAe 25 -0 lop | B o3 op 1P
Therefore the equation of the curve may be written

in eilther of the forms

. 5
e =l f 1 - X
Y=:>§.+?,‘|‘-clrg

X

Henece Go the micht ofi thie Wioaxas ibhe cunve ilies
below the asymptote ¥ = X + 1 and above the asymptote
V=% F 2. On the left of the W-axis the curve is
above the asymptote Y = X + 1 and below ¥ =X + 2,
See figure 7.
AT Cuicvi lines Asymptotes.(i)

As civen ir gection IV, any cunve off the gene

eral form
w= Ax pErtl o ew iy amO

may have curvilinear asymptotes. An example of this
nss cliel eunvie

Y e L r0 font pEXC

(i) ﬁHWQ;EET-Diff. 651Culus, p.195;‘f§§:§5§?'ﬁfdst;u
Curve Tracing, p.l00; Davies & Peck, Dict. of
I‘![ath. 2 po 54‘0
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which has the curvilinear asymptote
i ix L oew op G

Returning to the general form of the equation
as given in equation (d), section VIII, If F (M) has
equal roots, say M;, then Fé(Ml) _ 0 (scetion ®INL) .
if Fn-l(Ml) does not also vanish the value of B can
nek be determinéd, The equation of the curve would be
offf tlie gem

o mmeow, o iu, sl kg g o O
wihcne W, does not centain the factor N - MlK. We

can write this as
(v - wx)+ o=l Jine
. Uy n-2

i i s ont A oy 1imit Upa and B fox limitIn-2
2y Vn-z

=
when X and Y become very large in the ratio l:Ml the

14%)

curve approximates to the parabolic form
(¥ - I3X)° + AX +B =0
This parabola, although an approximation to
the shape of the curve, is not generally asyuptotic
to it., It suggests that in closely examining the
parabolic branches we should try to expand ¥ in the
form

If we substitute this in the equation
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Y
(X) fil =0

-2

Y . o
XnFn(X) + %5 an-l(K) o zﬁn

and expand as before the result ( after collecting the
coefficients of like powers of X) is

Jal 6
v Fn(M)
4§ -t Qm;l(m)]
n-1 2
+3°7L @Ep(u) + A7y () + Fp_ ()
n—3 m n é_ 5 7
4o @Fhm) + ABEU!(M) + 7 BrLoe() +p.1*;1_1(»£ﬂ
n-=2 nm{ Bzﬂn 7 AT -{- zB WL
4+x0-2 [DFY(M) + 7 FLU(M) +ACFL' (1) Lot ()

A-4“\ T qinl T Ag’ﬂ 2 hn
+ :‘3_4__51!1! l'(f»/[) +Bﬁr'1_l(;ﬂ) + 2 dr'lll(lﬂ) + .ﬁn_z(M)

el = 0
and equating to zero the coefficients we have the equations

Fn(M) = 0 (by supposition F'(M) — 0

Z
%’ puju) + Fo (M) =0
AR
BREL(w) + £ Bht (M) + B (M) = O
2 2 4
acEy (i) + 2Fp () 4 APepr () + SgEn e (u)

etc.

which will determine the constants A, B, G ete

T paamols v ame. B)TI- ASK 4246



is then asymptotic to the curve,

In praecbice it is found more convenlient ©to
use a2 method of successive approximation to obtain
the ultimate form of the parabolic branch at infinity.
This method is easier to explain by using an example,

Example, Determine the asyuptotes of the
curve

(¥  ®)-(1+x] - onx
The rectilinear asymptote is parallel to ¥ + X =0
(section XIV) and réwriting the equation in the form
TV GRR
(Y - X)=

Y
Puttingxz_% and Y:%

2A

limit =
Y K= T=0 1 = .é‘.
= 2

)

T‘d

Therefore 2X 4+ 2Y = A is an asymptote.

To obtain a closer approximation solve the
equation for Y and substitute the value found in the
right hand member of the equation.

g
o E
o)
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FHenece Go the right of the Y-axig the curve lies
above the asymptote and to the left of the Y-axis
it lies below the asymptote.

The axis of the parabolie asymptote is in
the direction Y = X. TFor the first approximation

to the shape at infinity we have

Fawl o =
v - 2AX” i 2AX~ o
VY+K o = .
For the second approximation substitute this value
of ¥ and we obtain
o 2AX" -
X B o
= AX(l""% 3—}:)? == ;"LK‘. (1_1 %'{’ooc)

¥ -x= (X o (2)

For a third approximation use the value an ¥ ol ve

by (2) and substitute it in i)

> 2hl®
‘\x+x+‘u -2




Although the first approximation, equation (1)
indicates the shape of the curve at infinity it is
not asymptotic to the cuxrve,

The second approximation, equation (2), gives
a parabola which, as is seen from equation (3), is
such that the limit of the difference of its ordinate
Brom that of the eurve is zero, and though not itselfl
being that parabola which most closely approximates
the shape of the curve at infinity, is nevertheless
useful in tracing the curve. This is the parabola
giwen in fipure 8, the figure for this examphe,

The third approximation, equation (3), shows
that the ordinate of the upper branch of the parabola
is less than that of the curve and that the ordinate
of the lower branch of this parabola is greater than
that of the curve. Both branches of the curve, there-
fore, approach the paraboliec asymptote from the out-
side,

Bquation (3) also shows that the true asymp-
totic parabola 1s
AR

Ave | 5
(e o o =

which is coaxial with the parabola, eguation (2,

which is shown in figure 8.

51
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Xcs RPollar Asymptotes.(i)

Leb thic cquasion of the curve be

B () BT n (8] + ... tT(8)

]
o
—
l.._l
——

or

ufte (6] + ghsle ge) | .. FfR(8) -0 (2)

Mol Eind the dircetions im which R = co or Ul = 0  we
‘have
He) =0 (3)
gnd et the roots o this couaibien hel 6 ='al @, €, ctc.
Let angle XO0P — a,(see figure 9). Then the

radius OP, the curve, and the asymptote meet at infin-
ity towards P. Let OY (= p) be the perpendicular upon
the asymptote. Since OY is at right angles to OP it
ig the polar subtangent, and p — — %%, ILet angle
XOY = a' and let § be any point on the asyumptote whose
coordinates are R, ©. Then the equation of the asymp-
WaBE ILE)

P =R ecogle - at) (4)
and it can readily be seen from the figure that
a'! = a -1,

2
o  Filmd the Valtle o %% when U =10

(I) Edwards, Diff. Calculus, 0203, Biauville, Dif.
@ Int. @aleulus, p.2b4; Woeds & Bailey, A Gourse
in Math., p.%%2; Davies &% Peck, Dict. of Math.y
p.b3; Carmichael & Weaver, The Calculus, D.2595;
Murray, Inf. Calculus, D292



differentiate equation (2), put U= 0 and 8 = a and we

have

(%g)u=an—l(a) + Fa(a) = 0 (5)

Substitiutine the value of (- %%)U=O found in equation

(5) in equation {4) we have

W (a)
n-1 S by L i
—___—FI!I(&) =R cos(6 - a + '2*) = R Sim(= = e}

Therefore the equations of the asymptotes are

P ) aley

I
=3
=
1
—
o

R sin(b - ) s ete.

The case most often met with is that in which

m — I ond the eguation of the curve 1is Oif | Ghie form
"N

R, (8) +74(8) =0

Then Fl(e) = @ gives a,. b, ¢, ete. and the asymptotes

are

Risin(a - ) = m , etc.

The equivalent Cartesian form is

! . das
Y e X tcln a + sSec a(—d—.[—jr)e=a
or
" - sl de
W cos a2 = X sina +'(Eﬁ)U=O

and will be found more convenient in some cases.,
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The following rule for drawing the asymptotes
will be found very useful, After having found the
values of (%%)U=O suppose we stand at the origin and
look in the direction of that value of 6 which makes

U = 0. Draw a line at rignt augles to that ditre et lon
& &

through the origin anrd of length equal to (- QQ)U=O

du
and to the right or left according as the value is
positive or negative. Through the end ot Gladis e
draw a perpendicular to it'of indefinite lensth,  This
straight line will be the asymptote.
Example. Determine the asymptotes of the
elinie

R — A o e

or
R cos 6 - A sin 8 = 0
Fl(e) = cosi 5 and FO(G) —ic A s;n 8
= ives o @ . oI
cos 8 =0 gives a = 5 b = 5

wala) L

and o = “_bmn il = A
“i(a) = sim o

Hence the asyumptotes are

R-sin(zz"—-e) = A or R cos 6 = A

R sin(éﬂ-— Q) =& or R cos 8§ = - A
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Using the Cartesian formula

i

U= = cot &
A
Whn=+0 when Bli= Wi Ia-r
tnd 298 L, s g

Therefore the equation Y cos a = X sin a +’(%8)U=Q

becomes

yags Gl rcul=us Asymptotes.(i)

In some polar equations when 6 is increased
indefinitely the equation takesg the form of an equa-
tion in R which represents one or more concentric
eirecles,

Wor example, in the curve

o) il
R = A @G R = A
6 - 1 i

it ig clear that if 6 becomes very large the curve

approaches indefinitely near the limiting circle
R=A (See figure 10)

éuch a circle is called an asymptotic circle or

circular asymptote of the curve,.

i) Murray, Inf. Calculus, D.292; Davies & Peck,
Diet. of Math., p.bd; Edwards, Diff, Calculus,
e e



XXI. Asymptotes of Three Dimensional
Figures.(i)

Asymptotes of three dimensional figures are

as a rule, very hard to determine and there has been

very little work done with them exeept in the case of

hyperboloids.

Tet the equotion of the hyperboloild be

e e 1
g o o
and e
Xi’LYi“Zz:O .
i 8

be the equation of a cone along the Z-axis.
The equations of the contours off thiese

surfaces made by the plane Z = K are respectively

>
~

2 2 2

X N K o
K‘g‘i‘gé'w-l-l—-é-g (u)
X3+Y2_I<:2 (
Pl

A comparison of eguations (2) and (4] shows
that for the same finite volue of K the section of
the cone is smaller than the copresponding section
of the hyperboloid., Hence the cone may be said to

liie inside wle hyperboloid.

{7] Gandy, PL. & Solid Ana. Gebm.,p.231-2;
3iceloff- Wentworth-Smith, Ana. Gelom.; D18,



Bguation (%) may be written

e c2
el e
which shows that the sections of the two surfaces
become equal, i.e., they approach the same linit,
when the cutting plane recedes in either direction
o 2n infinite distance from the origin. That ic;
the come is tangent to the hyperboloid at infinity
and is, therefore, called an asymptotic cone of the
hyperboloid of one sheet.

Phie asymptobic cone of the hyperboloid ol

two sheets can be found in much the same manner and
e cqu=tion off thelcone s

&
A° BR

)|
©

Q.

A
U

XRLE.  Sunmansy.

Asymptotes are very useful in drawing the
graphs of plane curves, also krown as eurve tracing.
One of the most important rulés flor curvie traecing is:
"Examine the curve for infinite branches and the asyump-
totes to them (if such exist)"{i) By first determining
the asymptotes the time required for drawing the curve

is materially lessened. Especially is this Lrue if

(i) Carmichael & Weaver, The Calculus, p.236.
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the equation of the curve is of a high degree when,
without using asymptotes, the curve would be very hard
to graph.

The form of the curve at infinity can also be
studied by using asymptotes and double points at infin-
ity determined. Any small branch of the curve, such
5o blhe one dw Eiguwe 7. 1S rot So apt tol be missed if
the asymptebes of the curve are drawn,

A comparison of euclidean and non-euclidean
geometry shows some interesting facts cOoncerning asymp-
totes and asymptobic lines.

"I euclidean geometry the asymuptotes are tan-
gents to the conic at the points where itieuLs the
absolute; but in non—euclidean geometry the lines which
most closely resemble the euclidean asyumptotes are thie
tangents to the conic from the center, and are, there-

Y
fore, six in number§i)

"In non-euclidean geometry equidistant straight

lines can not exist. Intersectors are convergent or
diverzent in the same sense as in euclidean geometry;
parallel are convergent and asymptotic inr one direction
and divergent in the other; non-intersestors are ulti-

mately divergent in both directions"{ii)

i) Sommerville, Non-auclidean Geoll., P.209-060.
{1} ibid., D.4<.
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These guotations show that there is no rela-
tion between the two geometries in the matter of
asymptotes and as this thesis was written from the
cuclidean standpoint any work based on non-euclidean
geometry was omitted.

Various problems often occur in Physics and
Erngineering which are made clearer by graphing and
drawing the asyuptotes. Probably the most common is
the equilateral hyperbola (section V) in which the
coordinate axes are the asymptotes of the curve,

The word asymptote or asymptotic is oiten
used to designate two things, other than lines, which
eontinlily approsch cach ovher 0 are wicny neanly
Sillike  Asymptetle series dn dnfuipuipe series are an
example of this.

Imaginary asymptotes were not discussed For
they are of no help in drawing a curve and they do
ot hovu- o fiwite 1nterecept on eilther of chie coprdi-
nate axes. Hence they are not true asyuptotes as
asymptotes have been defined in this discussion (sec-

tion V),
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Figures
(Asymptotes are drawn in red)

rigure 12,

B N
A

Figure 3. Figure 4.
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